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^ ■ We establish a connection between tree-level superamplitudes in ABJM theory and leading 
■ singularities associated to special three-particle cuts of one-loop superamplitudes where 
one of the tree amplitudes entering the cut is a four-point amplitude. Using these relations, 
we show that certain intriguing similarities between one-loop and tree-level superampli- 
tudes observed recently become completely manifest. This connection is reminiscent of a 
similar relation in the maximally supersymmetric gauge theory in four dimensions, where 
the sum of two-mass hard and one-mass box coefficients of a one-loop amplitude equals 



X ■ 

the corresponding tree-level amplitude. As an application, we present a very simple re- 
derivation of the six-point superamplitude and calculate the eight-point superamplitude 
at one loop in ABJM theory. 
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1 Introduction 

The construction and study of three-dimensional superconformal field theories has seen 
a major surge in recent years. There are several motivations for this interest, two of the 
main ones being the search for a description of the low-energy physics of membranes in 
M-theory (M2-branes), and the importance of finding new examples of the AdS/CFT 
correspondence. Superconformal Chern-Simons theories (SCS) were first explored in [1] 
as possible candidates of theories of M2-branes, and this idea was brought to fruition 
in [2] and [3] where the first construction of a three-dimensional theory with maximal, 
Af = 8 superconformal symmetry (BLG) was presented. Subsequently, in [4| a large class 
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of Af = 6 superconformal theories based on U(N) + k x U(N)^k Chern-Simons mattei0 
theories (ABJM) was constructed. These theories were conjectured to be dual to type 
IIA string theory on AdS± x CP 3 or M-theory on AdS$ x S 7 /Z^, and to be the low-energy 
worldvolume theories of M2-branes near Z/» orbifolds. 

Given the large number of new examples of three-dimensional theories with holo- 
graphic duals, it is important to understand both sides of the duality, explore and exploit 
similarities with the dualities of four- dimensional theories, in particular Af = 4 super- 
symmetric Yang-Mills (SYM), and more importantly identify any novel features. What 
one is particularly interested in are any hidden structures or symmetries, such as dual 
conformal symmetry or integrability, that are not necessarily manifest at the Lagrangian 
level and often manifest themselves only at the level of physical quantities like correlation 
functions, scattering amplitudes or Wilson loops. 

In the context of the AdS4/CFT3 correspondence, integrability of the classical sigma 
model was studied in [5] , while at weak coupling the dilatation operator of gauge-invariant 
operators could be identified with a spin chain Hamiltonian in [6]. A corresponding Bethe 
equation for the all-loop anomalous dimensions was put forward in [7] (see also [8J) and 
the Bethe ansatz proposal has been tested in many examples. Interestingly, it was found 
in [TIE] that for particular operators, namely twist operators, the quantum corrections in 
ABJM theory and Af = 4 SYM are related by a simple map of the 't Hooft couplings 
A^=4 — > [^(Aabjm)] 2 with h(X) = A + ciA 3 + C2A 5 + • • • at weak coupling [10], and 
Aabjm — N/k. This observation is of particular interest as the anomalous dimension of 
twist-two operators controls the leading infrared (IR) singularities of scattering amplitudes 
via its relation to the cusp anomalous dimension, and might hint at a deeper connection 
between the amplitudes of these theories. 

In this paper we will focus on aspects of the S-matrix of the ABJM theory, and we now 
briefly summarise some of the known results which will be relevant for our work. To begin 
with, various tree amplitudes up to eight points have been constructed explicitly using 
Feynman diagrams, on-shell recursion relations or Grassmannian formulations [1T14T4] . 
At one loop, the four-point amplitude was shown to vanish in [TT| ri5]. while higher-point 
amplitudes are non- vanishing at the same loop order as was shown recently in [T6UT7j using 
triple cuts, and in [TS] from supergraphs. At two loops, only the four-point amplitude 
has been computed so far [T5| [T9]. with a result which surprisingly matches the one- loop 
amplitude in Af = 4 SYM. This equality was later extended to include all orders in 
the expansion in the dimensional regularisation parameter e in |20j. Wilson loops and 
a potential duality to amplitudes similar to that in Af = 4 SYM [2lTf2"3] were explored 
in [2~4H2~6, 19J. The result that lightlike polygonal Wilson loops at one loop are in fact 
zero [2"4"1T2"5] hints at some important issues to be understood in constructing such a duality, 
echoed by the appearance of singularities in formulating a fermionic T-duality [27J. On 
the other hand, it was found in [26J that the two-loop result for the 2n-gon Wilson 
loops matches numerically the expression of the corresponding one-loop result in Af = 4 
SYM [23J - an intriguing connection to the maximally supersymmetric theory in four 
dimensions. 

1 The subscripts denote the levels of the Chern-Simon terms which come with opposite signs for the 
two gauge group factors. 
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There are other properties familiar from M = 4 SYM that also appear in ABJM 
theory, notably dual superconformal symmetry [28] and Yangian symmetry [29]. These 
have been studied in [T2TfT4ll3T)] . and more recently the subtle breaking of some of these 
symmetries was understood in [T7] . 

Novel features of amplitudes in ABJM (compared to M = 4 SYM) are that amplitudes 
always have an even number of external states, and one-loop amplitudes are IR finite, in 
addition to being UV-finite. Intuitively, one can argue that this softer IR behaviour is 
related to the fact that the gluon in Chern-Simons theory is non-dynamical, and hence 
cannot appear on external lines, and the gluon propagator goes as ~ I /p. More concretely, 
one- loop amplitudes can be expanded in terms of one-loop triangle functions [T7], a fact 
that is expected because of dual conformal invariance. In dimensional regularisation 
these triangles vanish if at least one of the external momenta is on-shell and otherwise 
give a finite result. But there is a further, more physical argument why IR divergences 
should be absent. General theorems guarantee that IR divergences cancel when IR-safe 
quantities such as cross sections are considered. In particular the virtual IR divergence 
associated with the interference of a one-loop 2n-point amplitude with an 2n-point tree 
amplitude has to be cancelled by the real emission IR divergence associated with (the 
modulus squared of) the (2n + l)-point tree amplitude integrated over the phase space of 
an extra soft/collinear particle. The absence of (2n + l)-point tree amplitudes in ABJM 
then implies the IR finiteness of all one-loop amplitudeso However a two-loop 2n-point 
amplitude can be combined with (the square of) a (2n + 2)-point tree amplitude, implying 
that two-loop amplitudes in ABJM are IR divergent, as indeed found in [T3l[T9"] . 

A related surprising feature of one-loop amplitudes in ABJM is their remarkable sim- 
ilarity to their tree- level counterpart [T6l - [T8] . This feature can be understood as a conse- 
quence of Yangian invariance [TT] and its violation [I3,[T8] in the six-point case, but we 
feel it would be useful to have a more direct connection between trees and loops that may 
allow to understand if a similar pattern continues for eight and more external particles. 
This is the main question to which we provide an answer in this paper. 

To achieve this goal, we will draw inspiration from = 4 SYM, where a remarkable 
connection exists between tree amplitudes and certain sums of coefficients of one-loop 
amplitudes when expanded in a basis of box functions. Specifically, it was observed 
in [3T] that the sum of coefficients of all so-called two-mass hard box functions, i.e. boxes 
which have two adjacent massless corners with momenta pi and Pi+i, as in Figure QJa), 
equals twice the tree-level amplitude in M = 4 SYM. This is true for any choice of the 
two adjacent massless legs, thus there are n such equations for an n-point amplitude. 
These relations were later proved in [32] , where it was shown that they arise as particular 
combinations of the IR consistency equations. The reader might at this point object that 
due to the absence of IR divergences at one loop in ABJM theory, this strategy is bound 
to fail. However, there is an alternative proof of the relations of [31] which was found 
in [33], relying on the one- loop dual conformal anomaly of amplitudes, whose expression 
was conjectured in [34J and proved in [33]. Specifically, it was found in [33] that in 

2 Strictly speaking these statements depend on the use of dimensional regularisation. When a different 
regulator is used, e.g. adding a Yang-Mills term to the action, the gluon can become dynamical and then 
even one-loop amplitudes can become IR divergent as the regulated theory will contain amplitudes with 
an odd number of external legs. It would be interesting to analyse this issue in more detail. 
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order to satisfy the anomalous dual conformal Ward identities, one-loop supercoefficients 
must obey certain linear equations, n of which are precisely the relations between tree 
amplitudes and one- loop two- mass hard and one- mass box coefficients described in |31j . 

At this point we mention a key ingredient in our story, namely the connection between 
quadruple cuts involving two adjacent massless corners - from which one obtains the 
coefficients that feature in the relations of [31], and tree-level recursion relations [361137] . 
In the context of TV = 4 SYM, this relation was first noticed in [36J, and in [32J it was shown 
how one can map each quadruple cut of this type directly to a BCFW recursive diagram. 
In particular the two cut legs depicted as vertical lines in Figure []Ja) morph into BCFW 
shifted legs, see Figure H^b). In this way, the relations of (31] are proved because the 
sum of two-mass hard coefficients is converted into the sum of BCFW recursive diagrams 
which in turn is known to give the tree amplitude. 
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(a) 

Figure 1: Two-mass hard quadruple cut and the corresponding recursive diagram in M = 4 
SYM. 



Motivated by this, we will consider special triple cuts in three-dimensional ABJM the- 
ory where one of the participating amplitudes is a four-point tree-level superamplitude, 
while the remaining two can have any (even) number of particles. Note that in ABJM 
the four-point amplitude is the smallest amplitude and plays a similar fundamental role 
as the three-point amplitude in M = 4 SYM. In [17] the special role of four-point tree 
amplitudes was emphasised and their superconformal anomalies, which are localised on 
collinear configurations, were studied in detail and shown to be the source of superconfor- 
mal anomalies of six-point tree and one-loop amplitudesjfl There are two solutions to the 
triple-cut equations, and hence two contributions to the supercoefficients, paralleling the 
two solutions f° r the z variable defining the shifts in the three-dimensional recursion 
relation |14j . In M = 4 SYM, the sum of the two contributions from the two quadruple cut 
solutions gives the manifestly PT-invariant form of the supersymmetric BCFW recursion 
relation. It contains two terms which happen to be equal as a consequence of the large- z 
behaviour of the superamplitude [32], leading to the factor of two alluded to earlier. 

What happens in the three-dimensional ABJM theory? We find something rather 
surprising here. If combined with a positive sign, these two "sharpened" leading singular- 

3 Incidentally, we wish to point out the similar role played by four-point tree amplitudes in unitarity 
cuts of one-loop superamplitudcs in J\f = 4 SYM. Indeed it is the particular class of two-particle cuts 
including a four-point tree amplitude that is related to IR divergences and responsible for the one-loop 
dual conformal anomaly as pointed out in [35] . 
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ities, in the language of [38J, give the coefficient of a triangle function. However, it is their 
difference which reproduces a BCFW recursive diagram for the corresponding tree-level 
amplitude. Turning things around, one can combine the two terms resulting from the 
evaluation of the same recursive diagram at the two residues Z\£ with plus or minus sign, 
in one case leading to the tree-level amplitude, in the other to a supercoefficient. The fact 
that these leading singularities can be combined in different ways leads one to suspect that 
they should be separately Yangian invariant. In [13] dual conformal symmetry was shown 
to hold diagram by diagram in the recursion relation, following a strategy similar to that 
of [39] ■ In fact, following the proof of [2] one can easily convince oneself that each leading 
singularity is separately dual conformal covariant. At six points, the triple cuts at one 
loop contain only four-point amplitudes [17] . It is then clear that the one- loop six-point 
amplitude must be closely related to tree amplitudes, because of the connection between 
the special triple cuts where one of the cut-amplitudes is a four-point amplitude and re- 
cursive diagrams that we have outlined above. It is also clear that the same connection 
can be used to relate any leading singularity where one of the participating amplitudes 
is a four-point amplitude to recursive diagrams, and in particular to fully determine the 
eight- and ten-point superamplitudes at one loop. We demonstrate the efficiency of this 
strategy by calculating the one-loop eight-point superamplitude explicitly. 

The rest of the paper is organised as follows. In Section 2 we review some basic facts 
about amplitudes in ABJM, their description in on-shell superspace and summarise their 
factorisation properties at tree level. In Section 3 we present the main observation of our 
paper, namely that particular triple cuts where at least one of the three tree-amplitudes 
appearing in the cut is a four-point amplitude are in one-to-one correspondence with 
recursive diagrams for tree amplitudes. As a byproduct, we write down a more compact 
form of the tree-level recursion relations. In Section 4 we re-derive the one-loop six-point 
amplitude and in Section 5 we show how our connection to recursive diagrams can also 
be used to derive the eight-point one-loop superamplitude. 

2 Lightning review of superamplitudes in ABJM 

Here we briefly review some facts about ABJM theory and, in particular, its scattering 
amplitudes. The field content consists of four complex scalar fields (p A , and four complex 
fermions ip% where a = 1, 2 is a spin index and A = 1, . . . , 4 is an SU(4:) i?-symmetry 
group index, with the scalars (fermions) transforming in its (ant i) fundamental representa- 
tion. Furthermore, ((fi A , i/^) transform in the (N,N) representation of the U(N) x U(N) 
gauge group, while the complex conjugate fields (0^,^) transform in the (N,N). Fi- 
nally, the gauge fields and A^ are described by a Chern-Simons action and hence they 
have no on-shell degrees of freedom, i.e. gauge fields do not appear in the external states. 

The matter content of ABJM theory can be efficiently described using M = 3 super- 
space [12]. In this set-up, one introduces a Nair superfield $(A, rj) to describe particles 
and its Grassmann Fourier transform $(A, rj) for the antiparticles: 

*(A,ij) = 4 (A) + r,%(A) + i e ^V0 C (A) + -c^VV^A) , (2.1) 
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$(A,t?) = 4>\X) + V A M\) + le ABCV A V B $ c (\) + i^ifloAV^CA) • (2.2) 

Here 77 A , A = 1,2,3 are Grassmann variables transforming in the fundamental represen- 
tation of SU(3). Note that $ is bosonic, whereas $ is fermionic. Momenta of on-shell 
particles are written in the three-dimensional spinor helicity formalism as products of 
commuting spinors X a as 

p°P ■= \ a \ 13 . (2.3) 

For the reader's convenience, we summarise in Appendix A useful facts about the spinor 
helicity formalism, along with our conventions. In terms of the (A, 77) variables, super- 
symmetry generators have a very simple form [12], for instance 



d 

Qa = A", 

while the /^-symmetry generators act as 



<?"" = AV, Qa = *°fj, (2.1) 



Colour-ordered superamplitudes, which are the subject of this paper, are denoted by 

M = M{$i, $2, §3, • • • , $n-l, $n) , (2.6) 

where particular states can be chosen by taking the appropriate power in the 77 expansion 
according to (12. ip or (12.21) depending on whether the corresponding field appearing in M. 
is unbarred (particle) or barred (antiparticle). Note that n is even, a fact that follows 
simply from gauge invariance once one recalls that the superfields $ and $ carry colour 
indices $| and where (un)barred indices are associated to the first (second) U(N) 
group. In the following we will often use a simplified notation 2, 3, . . . , n — 1, n) to 
denote superamplitudes. 

An important difference with the four-dimensional helicity formalism is that the little 
group of the Lorentz group is now discrete. Indeed, particles' momenta p a/3 = X a X 13 and 
supermomenta q aA = X a r] A , are invariant under 

A->-A, 7] -►-77. (2.7) 

Note that under this transformation one has while $ — > — $, and hence 

A4(...;-Ai,-w-) = ;Ai, W ...) , (2.8) 

i.e. the superamplitude flips sign or not according to whether % labels an antiparticle or a 
particle. 

Finally, we observe that an n-point amplitude has fermionic degree 3n/2, in sharp 
contradistinction with the standard formulation of four-dimensional M = 4 SYM using 
Nair's chiral superspace, where the fermionic degree is related to the MHV degree of the 
superamplitude. Perhaps the only amplitude reminiscent of the four-dimensional MHV 
superamplitude is the four-point amplitude, whose expression is [TT] 



M (12 3 1)- ^ (3) (EtxA^)^(EtiA^) 

-^4(1,2, 3, 4) - . (2.9) 
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Note the presence of a 5^(X)i=i °f supermomentum conservation, which makes 
supersymmetry manifest. 

We will round up this section with a brief summary of the factorisation properties of 
amplitudes in ABJM theory. We will mainly focus on tree amplitudes in three types of 
kinematic limits: (a) soft limit pi — > 0, (b) collinear limit pi ~ cpi + \ and its generalisations, 
and (c) multi-particle factorisation — > where Py := Pi + - ■ -+Pj- Let us begin with the 
collinear limit of the four-particle amplitude (I2.9P and take e.g. momenta 1 and 2 collinear, 
i.e. (12) — > 0. Momentum conservation and on-shell conditions however force momenta 3 
and 4 also to be collinear with 1 and 2, and hence all spinor brackets vanish. From this we 
conclude that the four-point superamplitude vanishes as (12) in this limit. Similarly one 
can show that (12.91) vanishes in the soft limit. There is however one subtlety, associated 
with peculiar anti-collinear configurations such as p\ + p 2 = and p% + p^ = [12] . In 
this case A 2 = i\± and A 4 = i\ 3 , but Ai and A 3 are unrelated. Thus, not all spinor 
brackets appearing in the expansion of the fermionic delta-function in (12.91) vanish, and 
the four-point amplitude diverges as ~ (12) _1 . This divergence is associated with a zero- 
momentum gluon exchange diagram, as explained in [TT | [T2 | [T7] . 

Multiparticle factorisation only occurs for six-point and higher-point amplitudes. In a 
multi-particle limit, an amplitude factorises into a product of two tree amplitudes times a 
propagator in the channel that goes on-shell. Since only amplitudes with an even number 
of external legs are non-zero, we have the following pattern jj2] : 

A. Channels with an odd number of momenta: P 2 = (p± + . . . + pi+2k) 2 — > 0: in this 
case the limit of the amplitude is singular and factorisation occurs as 

M 2n (l, . . . , n) -> J d 3 VP M 2k ({h • • • , 1+2A;}, P) M 2n ^ 2k (-P, {2+2k, . . . , n}) + finite 

(2.10) 

B. Channels with an even number of momenta: P 2 = (pi + . . . + Pi+2k+i) 2 0, which 
includes collinear limits for k = 0. In this case no singularity arises, as this would 
require factorisation onto two tree amplitudes with an odd number of external legs. 

It is interesting to note that in ABJM the usual collinear singularities of amplitudes are 
absent, a fact which is closely related to the absence of one-loop IR divergences. Similarly, 
a soft limit with otherwise generic kinematics does not lead to a singularity. One can also 
consider multi-collinear limits such as a triple collinear limit, which is a special case of the 
case A above with k — 1. The four-point amplitude appearing in the factorisation limit 
vanishes as (12) in this case (we assume here that i = 1), however this gets multiplied with 
the singular propagator ~ (12)~ 2 which leads in total to a pole of the form (12)~ 1 x M. 2 n-2- 

3 Connection between anomalous three-particle cuts 
and recursive diagrams 

One-loop amplitudes in superconformal Chern-Simons theory are believed to be finite. 
This is a consequence of the conjectured dual conformal symmetry property of the the- 
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ory P3] - see the Introduction for alternative explanations. Indeed, because of the sym- 
metry only scalar triangle functions will appear in the expansion of a one-loop amplitude. 
One-mass and two-mass triangles in dimensional regularisation are zero when evaluated 
in D = 3, and we are left with three-mass triangles, which are dual conformal invariant 
if multiplied with an appropriate normalisation factor. However, lacking enough inde- 
pendent region momenta, the only way this normalised integral function can be dual 
conformal invariant is by being a constant (see Appendix B for details). 

In the following we will write general one-loop amplitudes as a linear combination of 
unnormalised, scalar triangle functions, 

M= C KiK2 k 3 Z{K u K 2 ,Kz) , (3.1) 

K!,k 2 ,k 3 

where CkxK % k s are supercoefficients and X(Ki, K 2 , K 3 ) denote the three-mass triangles 
integrals 



X^iK^K^Ks) := JdH 



1 



(P + ie)((l + K x f + is)((l + K, + K 2 f + is) 

(3.2) 



-i 7T 3 



with Kf 7^ for all i. The expression for these triangles was obtained in [^2l - fl3] . and we 
provide an independent derivation using Mellin Barnes representations in Appendix B. 



3.1 Supercoefficients from triple cuts 

The supercoefficients can be calculated by applying generalised unitarity [i6]H7] or, specif- 
ically in three-dimensions, three-particle cuts. This strategy was pursued in [15] where the 
four-point amplitude at one and two loops were calculated, and very recently in [T6l[TT] . 
where three-particle cuts were performed in order to calculate the six-point amplitude at 
one loop. This amplitude was concurrently derived in [18] using supergraphs. 




Figure 2: A generic three-mass triangle function. In three dimensions, one-mass and 
two-mass triangles vanish. 
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From triple cuts, one can derive an equation which determines Ck 1 k 2 k 3 , 

C Ki k 2 k 3 ' J = E l det (^T^) I Jd 3 Vad 3 Vb d 3 Vc M ± M 2 M 3 , (3.3) 

where I* denotes the two solutions to the equations 

/ 1 (y = Z» = 0, f 2 (l a ) = (l a + K 1 ) 2 = 0, f 3 (Q = (l a + K 1 + K 2 ) 2 = , (3.4) 

Ki, i — 1,2, 3, are the external momenta at each corner of the triangle, see Figure |2l and 
J is the Jacobian 

J := £| det (W"' |. (3.5) 

/* can expressed as [17] 

1* = aK x + f3K 2 + 1 K ± , (3.6) 

with Ki := e^ p Ki u K 2p . One also finds that 7 = s v ^KfK 2 T Ki/(2K 2 ± ) where s = ± for 
the two solutions^ The determinant is easily evaluated to be 



l det N^ ! = 8|det(C,^,^)| = 8| 7 (e^M 2 | 



dfi(l a 

dl 

UL a/i / i = i 

= 4 \j —K\K\K\ , (3.7) 
and, hence, performing the sum over the two solutions, we get 

J = - - 1 . (3.8) 

° ' K 2 K 2 K\ 



l- IV 2- Ii 3 

We conclude that 



C Ki k 2 k 3 = \Y1 fd 3 Vad 3 r]bd\ MiM 2 M 3 ■ (3.9) 



3.2 Solution for the anomalous triple-cut equations 

In the following we will focus on a particular class of supercoefficients, where one of 
the three massive corners (denoted earlier as K3) contains only two particles, i.e. the 
corresponding amplitude at that corner is a four-point amplitude. We call these triple 
cuts "anomalous" because of the presence of a four-point tree amplitude, which is the 
source of anomalies of the Yangian generators [TTJ. Momentum conservation reads now 

Kt + K 2 + P 12 = , (3.10) 

with P 12 '■= Pi + p 2 - The corresponding three-particle cut is depicted in Figure [3j where 
the cut momenta are l a , lb and l c , with l\ = l\ = l 2 = 0. We also have l a + h — P\i- 

4 The expressions for a and j3 can be found in [17] and will be immaterial in the following. Note that 
in our conventions rf' 1 ' = (H ). 
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_' 




Figure 3: The particular three-particle cut considered in Section \3.S\ which we use to 
evaluate the supercoefficient C\ 2 ^. Note that K\ : = p i+ i + ■ ■ - + p n , and K 2 '■— P3 + - • -+p%- 



In order to establish a connection between this particular class of triple cuts and 
recursion diagrams we will now solve the triple cut conditions in a way that closely 
parallels the on-shell conditions for the shifted legs in the recursion relation. To this end, 
we note that the conditions I 2 = If — (in the notation of Figure [3]) can be satisfied by 
setting {l a ) a p := A a;Q A a;/3 , (l b ) a/3 := X h . a X b . p with 

A a = xXi - yX 2 , 

X b = y\ 1 + x\ 2 . (3.11) 

Momentum conservation implies l a + h = (% 2 + Z/ 2 )(AiAi + A 2 A 2 ), and hence x 2 + y 2 = 1. 
We will solve this condition by setting [2] 

x = ^(z + z ) , 

y = ' ( 3 - 12 ) 



or 



where 



2i 



A ^ R(z) , (3.13) 



AJ v ' \X 



^z + z- 1 ) -&(z-z- 
R(z) =| | (3.14) 

i^-z- 1 ) \{z + z^) 

Note that R T R = 1. Finally, z can be determined by solving the remaining on-shell 
condition 

l 2 c = (l a + K 1 ) 2 = . (3.15) 

This turns out to be a biquadratic equation in z, as can be seen in the following way |14j . 
One notices that 

A a = l\z{X l +tX 2 ) + z~\X 1 -iX 2 )] , (3.16) 
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and introducing 



1 , . . . x ™ , , . , x a — ft 1 

Q 



aP - -(A 1 + a 2 )"(A 1 +a 2 ) /3 , g a/3 := t(Ai - zA 2 ) Q (Ai - i\ 2 ) 13 , (3.17) 



one can rewrite ^ 

/a := A a A a = z 2 q + z~ 2 q + -(P1+P2) • ( 3 - 18 ) 

Eqn. (I3.15P then takes the form, 

cl^ 2 + 6 + cz 2 = , (3.19) 

with 

= 2(9-^), b = -K 1 -K 2} c = 2(q-K l ), (3.20) 
whose solutions can be cast in the forrr0 [H] 



Ki ■ K 2 + ^KfKj 2 K x -K 2 - ^KfKj 



(3.21) 



There is an interesting way to rewrite (I3.2ip making use of a peculiar representation for 
generic non-null three-dimensional vectors K , discussed in (IA.3[) of Appendix A. We define 

K lab := £(«//&), if 2o & := ^(aMj,) > (3.22) 

and use flA.7|) to write K\K% = (l/16)(^/i) 2 (^'/i') 2 . The solutions Zi j2 can therefore be 
re-cast in the following formjj 



(Ai + zA 2 | i^i |Ai + zA 2 ) 2 (Ai + i\ 2 \ K x |Ai + iA 2 ) 

where zi i2 correspond to the two choices K\ •A' 2 =)=(l/4)(^/i)(^ / /i / ), respectively. Note that, 
effectively, (13 .23f) can be obtained from (I3.21j) by performing the replacement 



A- 2 ^ 2 ^-(l/4)(^)^V) . (3.24) 

Very interestingly, all square roots have disappeared in this new representation of the 
solution given in (I3.23p . This feature will be useful in the following. 



3.3 Anomalous triple cuts and the associated recursive diagrams 

At this point let us compare the triple-cut equations we have just considered, which we 
momentarily rewrite as 

I 2 = 0, (/ C + A^) 2 = 0, (l c -K 2 ) 2 = , (3.25) 
5 After using the identity (q ■ Ki){q ■ K x ) = (1/16) [{K x ■ K 2 ) 2 - KfK%] . 

6 The precise definition of z\ and z\ in (|3.23p is chosen in order to agree with the explicit solutions in 
the six-point case given in (|4.ip . 
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to the equations determining the BCFW shift in the recursion diagram in Figure HI The 
latter are p 2 = p\ = p 2 . = 0, or 

p) = 0, {Pf + K,) 2 = 0, (P f -K 2 ) 2 = . (3.26) 

Note that (13. 25ft and ( 13.261) are identical in form, and so will the solutions for l c and pj. 
This is the first evidence of an underlying connection between the triple-cut diagram in 
Figure [3] and the recursive diagram in Figure HI 

Next, we move on to evaluating explicitly the triple cut in Figure [3j We denote 
the product of the three amplitudes (before evaluating them on the solution of the cut 
equations) with the slightly simplified notation C 12; i(z), where the label % is introduced in 
Figure [31 Using (13.91) . the supercoefficient is then given by 

c ^ = \J2 C ^ = \ E ( 3 - 27 ) 

l* zG{±z 1 ,±z 2 } 

Note the appearance of an extra factor of 1/2 on the right-hand side of (I3.27P compared 
to ( 13. 9j) . which is due to the sum over equal and opposite roots of Zi, i = 1, 2. 

The expression for Cyi^{z) is 



Ci2-,i(z) = j d 3 T] a d 3 ri b d 3 r] c M 4 (l, 2, -6, -a) M R (3, ...,i,-c, b)M L (i + 1, . . . , n, a, c) , 

(3.28) 

where the four-point superamplitude is given in ( 12. 9j) . Here we adopt the short-hand no- 
tations M(l, • • • ,n) = M{Xi,r]i; . . . ; A n ,?7 n ) and M{- ■ ■ ; -a; ■ ■ ■ ) = M{- ■ ■ ;i\ a ,ir]a; --•), 
where —a indicates that the momentum and supermomentum of particle a are — A a A a and 

In order to perform the Grassmann integrations efficiently we use the identity 

2 

5 (6) (^A^-A^ - W) = (12) 3 5^( Va -fi a )5^( Vb ~f, b ) , (3.29) 

i=l 

where 



R(z) 71 , (3.30) 

VbJ \V2j 

and we have also used (a b) = (12). The integration over rj a and 7] b is then performed 
trivially, and the particular triple cut we are considering becomes 

Ci2,i{z) = 0% [ d 3 Vc M R (3 . . . , i, -c, 6) M L (i + T, . . . , n, a, c) , (3.31) 
i(2b) J 

where 

(2b) = -^(12)(z-z- 1 ) . (3.32) 

Thus we arrive at the result 

Ci 2 ;i(z) = -2 j d\ M R (3 ...,i,-c, b) M L (TTl, . . • , n, a, c) . (3.33) 

Z Z J 
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The next step consists in performing the sum over the four solutions (zi, —z\, z 2 , —z 2 ) to 
(13.19P in order to obtain (I3.27p . To this end, we first note the property [1] 



M R (-z)M L (-z) = -M R {z)M L {z) 



(3.34) 



which follows from A a and being odd in z and from ( 12. 8p . together with the fact that 
particles 1 and 2 are adjacent in colour ordering. Using ( I3.34p . we can rewrite the sum 
on the right-hand side of (13.271) as 



-4 x / _ 1 I d 3 Vc M R (3...,i,-c,b)M L (i + l,... , n, a, c) 



ze{±z u ±z 2 } Zl Zl 

+ z x ^z 2 . (3.35) 

At this point we would like to establish a connection between (I3.35P and a particular 

i 2 
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Pf 




Figure 4: The recursive diagram which we associate with the three-particle cut in Figure 
[7} We also set K\ := p i+ i + ■ ■ ■ + p n , and K 2 :— p% + \-pi- 



diagram in the BCFW recursion relation formulated in [14]. More specifically, we now 
compare (13.351) with the recursive diagram depicted in Figure IU whose expression is given 
by ' 



3 H( Zl ,Z 2 ) 

Vc p) 

(2) 

12;i > 



M R (3 . . . , i, -c, 2) M L (i + 1, . . . , n, 1, c) 



(i) 



12:i 



Y 



[Zl o z 2 ) 



(3.36) 



where pf = p 2 + ■ ■ ■ + Pi is the momentum in the internal propagator, (zi, —Z\, z 2 , —z 2 ) 
are the four solutions to ( 13.261) (or equivalently ( I3.19P ). and 



H(z 1 ,z 2 ) :-- 



zi{z 2 2 - 1) 



2i Zo 



(3.37) 



Here we have also introduced shifted superspace variables Ai^ and r)x,2 which are defined 
by formulae that are identical in form to ( 13.131) and ( I3.30p . namely 



R(z) 



(3.38) 
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In other words, the solution a := (A a ,r) a ) and b := (Aft,^,) to the cut conditions for the 
legs a and b in the the triple-cut diagram are precisely the same as the three-dimensional 
BCFW shifts. Note that a very similar relation between certain quadruple cuts with 
two adjacent three-particle amplitudes as depicted in Figure [TJ and on-shell recursive 
diagrams was observed in four dimensions already in [36J. It is very interesting that the 
very same connection between maximal cuts and recursion relations emerges also in the 
three-dimensional theory considered here. Furthermore, from the viewpoint of the triple 
cuts the non-linear BCFW shifts in three dimensions appear very naturally. 

In order to simplify the notation, we define 

G{z) = , (3.39) 

and look for a relation between H(z±, z 2 ), and G(z-\) and G(z 2 ). After a short calculation 
making use of the explicit expressions for the solutions 2^2, we find that0 

1 H( Zl ,z 2 ) 1 H(z 2 , Zl ) 1 



V ) G(zi) v) G(z 2 ) (12)^K[Kl 

The minus sign in the first equality in (I3.40p is very important - if it were not present, 
we would ultimately be led to conclude that one-loop amplitudes are proportional to 
tree-level amplitudes, which is not the case. 

We conclude by stating the precise relation between the recursive diagram and the 
triple-cut diagram considered so far, namely 

Ki2-i = \ V C 12 -i(z)- V e 12 -i(z)] . (3.41) 

The sum £\ TZ± 2 -i over all possible recursive diagrams gives the tree-level superamplitude 
A^tree; an d hence we have derived the new relation 

V 4(12)v^f^ 1 J 

where the sum is extended to all supercoefficients corresponding to the triple cuts in 
Figure |3l where one of the corners has fixed legs, say 1 and 2. This is one of the main 
results of this section. Using the notation f !3.23|) we can re-write ( I3.4ip and (I3.42p in a 
neater form manifestly free of square roots: 



^'Wrnm^^-^.^ (3 ' 43) 



7 Specifically, from (|37T9|) and (f3T20|) it follows that c(l - zf)(l - z\) = pj and c{z\ - zf) = K\K\. 
In the notation of ((3723]) , the latter equation reads c{z\ — z|) = — (l/4)(^/x)(^'/i'). 
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Incidentally, we note that the BCFW recursion relation can also be re-expressed in the 
interesting forrrj^ 

\ r \ r - 

•Mtree = V / -_ d\ — M R (3 . . . , i, -c, 2) M L (i + 1, . . . , n, 1 , c 

i V K 1 K 2 J z l~ z l 1 

- {zi ->• z 2 ) . (3.45) 

Conversely, we can re-express the supercoefficient as a function of the two recursion dia- 
gram terms Y^\, n — 1, 2 defined in (13.361) . Since 

G(*0 = (12) Jiqiq , = -(12) Jk^ , (3.46) 

Pf Pf 

we find, using ( I3.27p . 

Ci 2 , = - (12) sJk\kI (y« - y«) , (3.47) 



or 



Cu* = j (12) (fr) (*V> (nS " y£1) • (3-48) 

Multiplying this by the corresponding three-mass triangle ( 13. 2 j) we obtain a contribution 
equal to 

CwW - = -*t v-(S+ fe ) v-(S+ fe) + ( yS_yS ) • (3 - 49) 

where we remind the reader that K\ and K 2 are written in (13.221) using three-dimensional 
spinor notation. 

Eqns. (I3.48P and (I3.49[) are the other main results of this section; these are practical 
formulae of immediate applicability in deriving higher-point one-loop superamplitudes, as 
we will illustrate in several examples in the next sections. 

We conclude this section with two short comments. 

1. We have seen that the combinations Y^\ ± correspond to either recursion 



diagrams or supercoefficients. It was demonstrated in [14] that each recursive diagram 
is separately dual conformal invariant. As it was pointed out in the Introduction, one 
can see using the same proof that in fact each residue Y^\ and Y^\ is separately dual 
conformal invariant. 

2. We note the appearance in (I3.49p of peculiar ratios of Lorentz-invariant angle 
brackets to square roots of kinematic invariants. These correspond to the sign functions 
detected in [16HT8], and will be made more explicit in the six-point case discussed below, 
see (Ojl . 



^Recall that K\ := pi+i + ■ ■ ■ + p n and Ki = ps 
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4 The one-loop six-point superamplitude 



We can use the results of the previous section, specifically (I3.48j) and (I3.49p . to re-derive 
the six-point one-loop superamplitude, recently obtained in [T71HE]. In this case the two 
possible three-particle cuts involve only four-point amplitudes. For six-point kinematics, 
(I3.23P takes the simple form 

2 P 34 -P 56 +(34)(5 6) 2 P 34 -P 56 -(3 4)(5 6) 

Zl " (A 1 + iA 2 |P 34 |A 1 + iA 2 ) ' Z2 " (Xi + iA 2 | P34 |Ai + zA 2 ) { ' } 

Here we have used K\ : = P 34 , K 2 : = P56 and (£/i) = — 2i (3 4), (£V) = — 2z (5 6), with 
^3 2 4 = (3 4) 2 ,P| 6 = (5 6) 2 . 





(a) (b) 

Figure 5: T/ie iwo contributions to the one-loop six-point amplitude. 



Using (I4.ip . it is straightforward to find the six-point tree- level amplitude from BCFW 
recursion relations 



M ree (l,2,3,4,5,6) 



y(l) 
2 12:4 



V ( 2 ) 
2 12:4 



5( 3 )(p)5( 6 )(g) 



p2 
2 24 



5 {3) (eijfc(j k)Vi ~ i e ilk(j k)rfi) 



+ 



L((2|P 34 |5)+z(34)(61))((l|P 23 |4) + z(23)(56)) 
S {3) ( e iife (jk)T)i + i e Tfk (jk)m) . { , 



((2|P 34 |5)-z(34)(61))((l|P 23 |4)-z(23)(56)) 

where i ,j ,k = 2 ,3 ,4 , and 2,j,/c = 5,6,l. 

We can now write down the expression for the corresponding one-loop supercoefficient 
C 12;4 from the triple cut in Figure EJa) using ( I3.48p . 



C 



12:4 



-(12)(34)(56)(r i ( 2 1 ; ) 4 -^ 



'(2) 



(4.3) 



It was observed in [T7] that the combination — Y" 12 2 . 4 is in fact equal to the shifted 
tree-level amplitude i .M tree (6, 1, 2, 3, 4, 5)|^| Hence, 



C 



12;4 



-i(12)(34)(5 6)Mree(6,l,2,3,4,5) 



(4.4) 



9 This fact can be easily understood by comparing the BCFW diagram with the same shift for these two 
different amplitudes, A4t iee (l, 2, 3, 4, 5, 6) and -Mtrcc(6, 1, 2, 3, 4, 5). Similar but slightly more complicated 
relations may be obtained from BCFW for higher-point tree-level amplitudes. 
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Similarly, we find for the supercoefficient €23-5 of Figure |5^b) 

C 23 ;5 = -i(2 3)(45)(61)Mree(6,l,2,3,4,5). (4.5) 

Note that here the same tree-level amplitude Ai tree (6, 1, 2, 3, 4, 5) appears both in (I4.4p and 
f)4.5p - in the two cases it appears as a BCFW recursion relation for the same amplitude 
but with a different shift. 

The final result for the one-loop superamplitude is obtained by multiplying the su- 
percoefficients by the corresponding three- mass triangle function as in (13.491) . with the 
result 

A4 (1) (l,2,3,4,5,6) = C 12;4 X 12i3 4,56 + C 23; 5X 2 3,4 5 ,6l 

= m 3 5(p)Mree(6,l,2,3,4,5), (4.6) 

where the prefactor S(p) is 

S(p) = sgn((12»sgn((3 4»sgn((5 6» + sgn((2 3))sgn((4 5))sgn((6 1)) , (4.7) 

and 

sgn((H» := -i - = . (4.8) 

This is in agreement with the recent calculations of [T71IT8"]. 

5 Eight-point and ten-point superamplitudes at one 
loop from recursive diagrams 

There are two more superamplitudes whose triple cuts will always involve at least one 
four-point superamplitude, namely the eight-point and the ten-point superamplitudes. 
Using the procedure outlined in the previous sections, it is clear that such amplitudes 
can be expressed in terms of tree-level recursive diagrams evaluated on the different pole 
solutions Z\ and 2 2 for each case. As observed earlier, evaluating a recursive diagram on Zi 
leads to a dual conformal invariant result even before summing over the two solutions zf, 
i = 1,2. Beyond ten points, there will be triple cuts involving three amplitudes with more 
than four legs; these will be genuinely new terms which have to be evaluated separately. 

In order to make this discussion more concrete, we illustrate it in the eight-point case. 
The ten-point superamplitude can be addressed in the same way. 

At eight points, there are eight independent triple cuts to consider, two of which are 
depicted in Figure [6j The remaining six are obtained by shifting the labels by one, four, 
and five units. According to the discussion of the previous sections, summarised by (13.481) 
and (13.491) . the two cut diagrams in Figure |6] can be put in correspondence with the two 
recursive diagrams in Figure In particular, the recursive diagram in Figure [7(a) has 
the expression^ 

/v 12;4 - — 1 12;4 ' 1 12;4 > \°- L ) 



10 Wc evaluate explicitly these recursive diagrams and provide expressions for the functions Y in Ap- 
pendix C. 
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Figure 6: Two of the eight triple-cut diagrams contributing to the eight-point superam- 
plitude at one loop. The six remaining diagrams are obtained by cyclically shifting the 
particle labels by one, four, and five units. 







765 43 87 6 54 3 

(a) (b) 

Figure 7: The two recursive diagrams associated with the triple-cut diagrams shown in 
Figure 



and using (I3.49p . the corresponding expression for the triple-cut diagram in Figure |6]( a) 
multiplied by the corresponding triangle function will be 

Cl2;4 2^12,34,5678 = 271" 3 <Sl2;4 (^12;4 — ^12;4^ ■ (5-2) 

Here we denote by the result of the evaluation of the recursive diagram in Figure 
[TJa) on the solution zf, i = 1,2, where zf are given in ( I3.23p . The prefactor iS 12; 4 can be 
read off from (I3.49p . and has the form 

4 V-(Pi 2 2 + fe) V-(K'f + is) JAK\ + is) ' 

In this case K\ = p 5 + • • • + p s : = P 58 , whereas K 2 = P3 + p^. Hence we can replace 
(fy) = -2i(34), and 

5l , 4 = ; < 12 > M - < 34 > . (5.4) 

2 + fe) V-ra + iej V~(Pl + fe) 

£ and /i are indirectly defined through P 5 a | := ^ a /j, b \ 

The contribution from Figure EJ^b), multiplied by the appropriate triangle function, is 

2^12,3456,78 — 27T 3 <Sl2;6 (^12-6 ~ ^12^6 1 J (5-5) 
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where the functions Y^.q correspond to the recursive diagrams in Figure [7(b) evaluated 
on the two solutions zf, i = 1, 2. The prefactor <Si2 ; 6 is now given by 

S (12) (78) (eV) 

12;6 2 y /z^ + ie) ^_ ( p^ + ie) y /qjpg + Js) ' 

where P 3 a 6 6 := £<y 6 ). 

The final result is then obtained by summing eight contributions and reads 



MPa,...,8) = 2vr 3 



Ol2;4(^12;4 _ Y 12A ) + «->12;6 I ^12;6 ~ Y 12 



+ <->23;5 I *23;5 ~ r 23;5 J + '- > 23;7 1 ^23;7 _ r 23;7 



C (vW -4- <? fvW v( 2 ) 



56;8^56;8 _ 1 56;8 J ~r 56;2l-f 56 ;2 _ 2 56;2 
+ ^67;1^67;1 _ ^67- 1) + ^67; 3 [Y^. \ - Y^j^j . (5.7) 

Note the sum of certain pairs of Y^ and gives the eight-point tree-level amplitude, 

M tTCc a, 2, .... 7, 8) = + + Y£L + y£L 2 , (5-8) 

namely they are the same amplitude with a different BCFW shift. We present an explicit 
calculation of tree-level eight-point amplitude in Appendix C. 

The calculation of the ten-point amplitude would largely parallel the steps presented 
above but we will not present the technical details here. We only comment that in all 
20 possible triple cuts at least one four-point amplitude appears and, hence, the proce- 
dure goes through straightforwardly as for the six- and eight-point cases. For twelve- 
and higher-point amplitudes in addition to the anomalous triple cuts also genuine non- 
anomalous triple cuts will appear which involve products of three amplitudes with more 
than four legs. We believe that the representation of the momenta Ki appearing in the 
corners of the triangles using ( 1A.3j) will be beneficial to derive compact expressions for 
completely general one-loop amplitudes^. 
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A Conventions 

We present here a stenographic summary of our conventions. We work in signature 
(+, — , — ) and use the real Pauli matrices to relate momenta in vector and double-spinor 
notation, 

o A 0\ l fO 1\ 2 A 0\ 

a afi - I I J » - I ! i ' ^ ~~ I -1 J ' ^ ^ 

such that a generic, possibly off-shell momentum can be written as 

*?J ■ (A - 2) 

Note that this is a symmetric matrix and hence any off-shell momentum can be written 
alternatively as the symmetrised product of two two-spinors £, fi as 

Pafi = £(a^/3) = 7^(^/3 + , (A.3) 

a useful fact that is used throughout the text. Note that if we choose £ and fi to be 
real then there is a rescaling invariance in this representation £ — > r£,,fi —^\ijr with r a 
non-zero real number. Alternatively we can choose the spinor variables to be complex, 
but then they are related by complex conjugation fi = £ in order for the momenta to be 
real. This representation is invariant under £ — > e^£, fi — > e~^/i. 

For on-shell momenta = detp a p = 0, and we simply set /i — £ = A, which reduces 
the rank of the two-by-two matrix defined above and removes the rescaling invariance 
except for the reflection A — > —A. Therefore, we have 

Pa/3 = A a A,g , (A.4) 

and we note that for positive energy A must be real, while for negative energy it is purely 
imaginary. 

Spinor variables can be contracted in an SL(2, R) (Lorentz-) invariant fashion using 
the epsilon tensor e a p = e a/3 with eu = +1, which is also used to raise and lower spinor 
indices. The fundamental invariant of two spinor variables A and fi is defined as 

(Xfi) = e a p\ a fi? , (A.5) 

in terms of which we can write any Lorentz-invariant momentum vector contractions, two 
very common examples being 

(P1+P2? = <12> 2 , 
2e^ PlflP2u p 3p = tr(<7<W)pi M p 2i ,P3p = (12)(23)(31) . (A.6) 
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Here we have also introduced the short-hand notation (A1A2) = (12). Finally, we note 
that for a generic momentum written as in flA.3[) . we have 



~\{^Y • (A.7) 



Note that if P = pi + p 2 , then in the notation of (1A.3|) we have £ = Ai + i\ 2 and 
p = Ai — i\ 2 , where Pi := AjAj, i = 1,2. 



B One-loop triangle in D = 3 



In this section we describe the explicit evaluation of the three-mass one-loop triangle 
integral in three dimensions. We will use Feynman parameters and a Mellin Barnes 
representation to perform the integrals. The result is finite but since the Mellin Barnes is 
singular we will have to introduce an intermediate regulator to perform the calculation. 
We have 

^(K h K 2 ,K a ) := f*l {p + mi + Ki)1+ * m + Ki + Kt) , + u) (B.l) 



i 7T 2 



rl pl—X 

dx dy [x(l — x — y)ti + y(l — x — y)t 2 + xyt. 
Jo Jo 



3/2 

31 



where we defined := —Kf — ie. To arrive at the second line we have introduced Feynman 
parameters x, y and performed the loop integration after Wick rotating 1° — > Next, 
we break up the denominator into three terms using a double Mellin Barnes integral to 
arrive at 



27rr(3/2)(27ri 



>2 



dzdwT{-z)T{-w)T[- + z + w)t 1 2 z t z 2 t™ 

-too ' 



X 



where in the last line we have introduced an intermediate regulator, e, for the otherwise 
ill-defined Feynman parameter integral. The last line of flB.2j) integrates then to 



r(-l + e - w)T(-\ + e - ^)r(l + w + z) 

f(2i) • (B - 3) 

The remaining contour integrals can be evaluated directly or using the Mathematica 
package MB.m [15] which in this case reduce to a double residue at z = w = —1/2. The 
final result including all factors in the limit e — > is 

Z 3l W!, K 2 , K 3 ) = ~ Z?r3 . (B.4) 

Let us conclude with a short comment on dual conformal symmetry. Obviously X 3m is 
not invariant under dual conformal inversions. To see this we rewrite momenta in terms 
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of dual momenta as Ki = x« — Xi+i and denote the internal loop momentum by Xq. Then 
the three-mass triangle can be written as 

J x 10 x 20 x 30 

with Xij = Xi — Xj. This is obviously non-invariant since under an inversion x^ — > x^/x 2 
it picks up the factor x\x\x\. This can be compensated by an appropriate prefactor 
\f~^\2\f~^2 , i\p~^\ = \/~K 2 — %E\/ —K\ — ie^—K 2 — is. But this implies that the 
properly normalised three- mass triangle in D = 3 is a constant. This is consistent with the 
fact that it is impossible to write a dual conformal cross-ratio with only three momenta. 



C The tree-level eight-point amplitude 

In this section we present the calculation for tree-level eight-point amplitude by applying 
BCFW recursion relations explicitly. Let us start with the recursive diagram in Figure 
[3(a), 7£i2-4j which can be evaluated by using the four- and six-point results, ( 12. 9 p and 

(HD, 



n 



(a) 
12:4 



d VP a 



z ai z ai 



M R {% 4, -P a , 2) M L (5, 6, 7, 8, 1, P a ) 



Evaluating this, one obtains 



(c.i; 



K 



(a) 
12:4 



1 12:4 1 12:4 



^(P)^^ 3 )^) 



x 



5 (3) (7 ai ; 



L((6|P 78 il)+i(78}(P 5})((5|P 67 |8}+i(6 7}(lP }) 

^ (3) (7a 2 ) 

((6|P 78 |i)-z(78)(P a 5))((5iP 67 |8)-i(6 7)(iP )) 



(C.2) 



where the arguments of the fermionic delta functions are 

a a = (3 4)r) 2 + (4 2)r /3 +(2 3)r/ 4 , (C.3) 

and 

7ai)2 = (2P a )e ijk {j k) Vi =F i «1 1 ^l^)^ - (2|P 3 4|5}77x + (5 i)((32) m + (4 2)774)) , (C.4) 

with i, j, k = 6,7, 8, and P a = P2 +P3 +P4- Finally the on-shell solutions z ai can be found 
from (EOT]) or (ET23]) with 



K 1 = P 58 , K 2 = P, 
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(C.5) 
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and similarly one can determine z\ )l , the on-shell solution of the contribution from Figure 
[3(b), which we will consider in the following. For the contribution of Figure [3(b), we have 



'^12;4 



1 5^{P)5^{Q)5^\ 



(7b) 



-1 



X 



+ 



P 4 2 6 (7 8)4(81) 
^ (3) (7 bl ) 



«4|P 56 |P ft > + (56)<23))«3|P 45 |6) - (45)(P 6 2)) 
5 (3) (7, 2 ) 



where 



and 



«4|P 56 |P 6 ) - (56)(23))((3|P 45 |6) + (45)(P 6 2)) 

— (^6i ^ Z& 2 ) > 

cx 6 = (7 8>77i + <8 1>77 7 + <i 7>77 8 , 



z—z b 



(C.6) 



(C.7) 



\ 2 = (iA}e ijfc (jfc)^T ((i|P 78 |2)r /3 -(i|P 78 |3)r) 2 + (23)((17)r ?7 + (i8)r /8 )) , (C.8) 

with i,j,k = 4,5,6, and P b = -(jp 7 + p 8 +pi). 

In summary, the complete tree-level eight-point amplitude is given by the sum of the 
two contributions (IC.2I) and (IC.6I) . 



Mree(l,2,...,7,. 



tjI") , -it, (6) 
'M2;4 /c 12:4 ■ 



(C.9) 
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